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In a recent paper [Phys. Rev. E 92, 012123 (2015)] a modified d-dimensional Φ4 model was
investigated that differs from the standard one in that the Φ4 term was replaced by a nonlocal one
with a potential u(x−x′) that depends on a parameter σ and decays exponentially as |x−x′| → ∞ on
a scale |m|−1 <∞. The authors claim the upper critical dimension of this model to be dσ = 4+2σ.
Performing a one-loop calculation they arrive at expansions in powers of ǫσ = dσ − d for critical
exponents such as η and related ones to O(ǫσ) whose O(ǫσ) coefficients depend on σ and the ratio
w = m2/Λ2, where Λ is the uv cutoff. It is shown that these claims are unfounded and based on
misjudgments and an ill-conceived renormalization group (RG) calculation.
PACS numbers: 05.70.Jk,05.10.Cc,75.40.Cx
The authors of [1] investigated an n-component Φ4
model in d dimensions with a nonlocal quartic term
whose Hamiltonian is given by
H =
∫
ddx
[
c0
2
|∇Φ(x)|2 + r0
2
Φ2(x)
+
∫
ddx′Φ2(x)u(x− x′)Φ2(x′)
]
, (1)
where the potential is specified by its Fourier transform
u˜(k) =
λ0
[k2 +m2]σ
(2)
with a “screening parameter” m2 > 0. From Eq. (2)
one can read off that u(x) falls off exponentially on the
scale ξm = |m|−1 as |x| → ∞ [2]. Hence it is short-
ranged on the scale of the correlation length ξ(T ) suffi-
ciently close to the critical temperature Tc. The reason
is that ξm is temperature-independent or has at most
a weak temperature dependence when the interaction
is considered as an effective interaction obtained upon
coarse graining to a length scale 2π/Λ (> a) on which
a continuum approximation is acceptable. Therefore ξm
remains bounded whereas ξ(T )→∞ as T → Tc, so that
limT→Tc ξm/ξ → 0 [3]. What matters for the asymptotic
critical behavior is just whether or not the interaction is
short-ranged on the scale of ξ(T ) as T → Tc. This is
asymptotically always the case even if ξm is much larger
than the lattice constant a, i.e., if u(x) is long-ranged on
the scale of a. Therefore the model must belong to the
standard universality class of the d-dimensional n-vector
model with short-range interactions represented by the
usual Φ4 model with a local quartic term.
The authors’ results strongly disagree with this. Per-
forming a one-loop calculation, they conclude that the
upper critical dimension of the model is dσ = 4+2σ, and
they compute some of the critical exponents of the model
by an expansion in ǫσ = dσ − d to first order. The O(ǫσ)
coefficients of their series expansions depend on σ and
m2/Λ2. If this were true, the critical exponents them-
selves would have these properties, and hence depend
on microscopic details such as m2/Λ2 and be nonuni-
versal. Obvious serious discrepancies with the modern
theory of critical behavior (see, e.g., [4, 5] and references
therein) would exist. Aside from a gross violation of uni-
versality, one would have the following problems: For
σ > 0, the asymptotic critical behavior of the model in
4 < d < dσ dimensions would be inconsistent with mean-
field theory. Likewise, irrespective of whether σ > 0 or
≤ 0, the critical behavior of the model would differ in
d∗ < d < 4 dimensions from that of the standard Φ
4
model., where d∗ is the lower critical dimension (= 1 or 2
for n = 1 and n > 1, respectively). However, the authors’
claims and their consequences are unfounded: Their re-
sults are based on an ill-conceived renormalization-group
(RG) analysis, and they are therefore incorrect.
To see what goes wrong with their analysis [6], note
that their one-loop calculation of the four-point vertex
function yields a modified quartic interaction that does
not comply with the original one, i.e., with u˜(k). This is,
of course, expected. The authors then drop the contribu-
tions that do not comply with the original nonlocal form
of the quartic interaction, arguing that they must be irrel-
evant. This is incorrect: All three of their graphs (a), (b),
and (c) contribute to the transformed coupling constant
u′0 associated with the local part of the Φ
4 interaction one
derives from Γ(4)(k1, . . . ,k4)
∣∣
{kj=0}
, as can be seen upon
substitution of the expansion u˜(k) = u0+O(k
2) into the
corresponding integrals with u0 = λ0m
−2σ. Using this
expansion is unproblematic since u˜0(k) is analytical in k
2
as long as m2 > 0. In fact, the sum of the contributions
from the graphs (a), (b), and (c) yield the usual result
for u′0. Furthermore, the contributions arising from the
k2-dependent parts of u˜(k) can be dropped because they
are irrelevant. This follows in the usual way via power
counting [5]: The interaction constant u0 = λ0m
−2σ has
the familiar momentum dimension ǫ = 4 − d. The cou-
pling constant λ0m
−2(1+σ) of the momentum-dependent
quartic term arising from the contribution ∝ k2 to u˜(k)
has the momentum dimension ǫ − 2. Thus it is irrele-
vant at the Gaussian fixed point whenever 0 < ǫ < 2.
2The corrections to the leading asymptotic behavior and
the associated correction-to-scaling exponents can be —
and have been — computed within the framework of the
usual ǫ expansion. To do this one must study the in-
sertions of all composite operators of the same or lower
momentum dimensions (see, e.g., Chapter 10 of [5] or
[7]). Upon dropping the irrelevant k-dependent parts of
u˜(k), one recovers the standard Φ4 model with a local
Φ4(x) term, which therefore represents the universality
class of the model (1).
For readers with a background in critical phenomena
and the basics of the RG it will be clear that the ana-
lyticity of u˜(k) at k = 0 ensures that the used expan-
sion in k is both convenient and safe in the m > 0 case.
They will also know that such an expansion in k is pre-
cisely what one does in a standard momentum-shell RG
approach [8] to identify both the transformed interac-
tion constants into which the original ones transform un-
der RG transformations as well as those generated un-
der the RG. Readers who lack this familiarity with these
scientific areas might wonder whether different conclu-
sions could be obtained when m > 0 if the expansion
of u˜(k) in k is avoided. The answer to this question
is a clear no. To see this let us introduce the dimen-
sionless coupling constant g = µ−ǫu˜(0) = µ−ǫλ0m
−2σ,
where µ is an arbitrary momentum scale, and decompose
u˜(k) = µǫg + u˜1(k)) into its k = 0 part and a remainder
u˜1(k) = λ0m
−2σ[(1 + k2/m2)−2σ − 1]. In the absence of
the latter, there is a well-defined RG in d = 4− ǫ < 4 di-
mensions which implies that g transforms under a change
of scale µ→ µℓ into a running coupling constant g(ℓ) that
approaches a fixed-point value g∗ = O(ǫ) in the infrared
limit ℓ → 0. The scaling dimension ∆ε of the energy-
density operator Φ2(x) at this fixed point is d − 1/ν,
where ν = 1/2+O(ǫ) is the correlation-length exponent;
i.e., Φ2(xℓ) ∼ ℓ−∆εΦ2(x). Upon including u˜1(k) to ob-
tain the full interaction u˜(k), we can conclude that u˜1(k)
transforms into u˜1(k, ℓ) = ℓ
d−2/ν u˜1(ℓk). But u˜1(k) =
O(k2) as k → 0. Hence u˜1(k, ℓ) varies ∼ ℓ2+d−2/ν as
ℓ → 0, where the exponent 2 + d − 2/ν = 2 + O(ǫ) > 0.
Thus u˜1(k) is strongly irrelevant and flows to zero under
the RG in the infrared limit ℓ→ 0.
As a consequence, one arrives at the following mathe-
matically exact statement: The critical exponents of the
m > 0 model studied in Ref. [1] have a well-defined ǫ
expansion, where the associated series-expansion coeffi-
cients of any order in ǫ have exactly the same values as
for the standard Φ4 model with a local Φ4(x) interaction.
Analogous considerations for d > 4 imply that both g
and u˜1(k) are irrelevant. One concludes that mean-field
theory holds for d > 4, where one must of course take
into account that g is a dangerous irrelevant variable [5]
which hence cannot be set to its fixed-point value g∗ = 0
in quantities such as the free energy or 〈Φ(x)〉 below Tc.
It may also be mentioned that this model can be de-
scribed equivalently by a two-field model of the form used
in the definition of the familiar stochastic model C [9],
namely a model with the Hamiltonian
H′ =
∫
d3x
[
c0
2
Φ
2 +
1
2
ψ (m2 −∇2)σψ
+ γ0 ψΦ
2 + v0|Φ|4
]
, (3)
where ψ(x) is a one-component field. The interaction
term now is local. The Hamiltonian (1) is easily recovered
(up to field-independent terms) from H′ with the choices
γ = i
√
2λ0 and v0 = 0 by integrating out ψ. We have
included a local |Φ|4 in H′ since it would generically be
present anyway both in H and H′ [10].
In a momentum-shell RG scheme, one would have to
choose the field-rescaling factors bΦ and bψ such that the
coefficient c0 of the |∇Φ|2/2 term and the coefficientm2σ
of the ψ2/2 term are preserved. The again, familiar con-
siderations show that the terms quadratic in ψ that in-
volve ∇2 are irrelevant. The same conclusion can also be
reached by simple power counting. Thus one recovers the
above-mentioned findings: The model belongs to the uni-
versality class of the standard Φ4 model and its critical
exponents have the familiar dimensionality expansions in
ǫ = 4− d for d < 4.
These conclusions can be corroborated by solving the
model (3) with m2 > 0 exactly in the limit n → ∞.
For n = ∞, the critical exponents must take their
usual n =∞ values, namely, ν∞ = γ∞/2 = (d − 2)−1,
β∞ = ν∞(d − 2 + η∞)/2 = 1/2, α∞ = 2 − dν∞ =
(d − 4)/(d− 2) and δ∞ = (d+ 2)/(d− 2) for 2 < d < 4,
and the mean-field values νMF = γMF/2 = βMF = 1/2,
ηMF = αMF = 0 and δMF = 3 for d > 4. To see this note
that the self-consistent equation for the inverse suscep-
tibility r = Γ˜(2)(k = 0) becomes identical to its analog
for the standard Φ4 theory with a local quartic interac-
tion term (g/n)Φ4(x) with g/n = u˜(0) = λ0m
−2σ. The
same applies to the equation of state. Thus γ∞ and ν∞
have the given n =∞ values. However, taking the limits
n→∞ in Eqs. (27)–(33) of Ref. [1] yields results that are
inconsistent with the exact n =∞ values of these critical
exponents, such as νSDN,∞ = (2+ǫσ)/4+O(ǫ
2
σ), the only
exception being ηSDN,∞ = 0. It must be emphasized that
the large-n limit is mathematically fully controlled. The
exact large-n results just mentioned therefore provide
mathematically rigorous evidence against the O(ǫσ) se-
ries expansions of the critical exponents given in Ref. [1].
To summarize, the results of [1] are incorrect and
should not be used in comparisons with experimental re-
sults.
I close with some remarks meant to prevent trivial
misunderstandings when considering a situation where
a≪ ξ(T )≪ ξm. Above, we were always concerned with
the behavior in the scaling limit ξm/ξ(T )→ 0, which one
must investigate to determine the universality class of the
model that describes its asymptotic critical behavior for
any ξm < ∞ as T → Tc. One might, of course, also be
interested in the behavior in a regime of distances |x| and
temperatures where both |x| and ξ(T ) are large and sat-
isfy a ≪ |x|, ξ(T )≪ ξm. A natural way to do this is to
3take the limit m→ 0 (ξm →∞), i.e., to choose the alge-
braically decaying potential um=0(x) ∝ |x|−(d−2σ). The
authors of Ref. [1] do not do this, maintaining a nonzero
m. In the just specified regime, the ratio |x|/ξ(T ) can
take any value ∈ (0,∞); the lower and upper bounds
correspond to the limiting behaviors for |x| ≪ ξ(T ) and
|x| ≫ ξ(T ), respectively.
When m = 0, power counting indeed yields the
marginal dimension dσ = 4 + 2σ for the quartic interac-
tion term ∝ um=0 ofHm=0. In the equivalent description
via H′m=0, one obtains a quadratic k-space contribution
k2σψkψ−k/2 without a mass term m
2
ψ ψ
2(x)/2. Power
counting again yields the marginal dimension dσ = 4+2σ,
which is < 4 when σ < 0. Needless to say that one should
not be surprised that power counting yields different up-
per dimensions for the cases m > 0 and m = 0. Univer-
sality classes are well known to depend on gross features
of the interaction. As expounded above, the potential
u(x) has different gross features depending on whether
m > 0 or m = 0 since it is short-ranged or long-ranged
on the scale of the correlation length, respectively.
It may be tempting to perform a RG calculation for
this m = 0 case. (Needless to say, that the critical expo-
nents of a corresponding new universality class should be
independent of microscopic details.) However, one should
also be aware that a proper analysis requires answers to
further questions. Clearly, a better justification of the
model and/or possible improvements are needed. Aside
from clarifying the origin of the long-range interaction
um=0(x), one should include all generically possible in-
teractions in the starting HamiltonianHm=0 except those
that can be trusted to be irrelevant in the RG sense. In
the equivalent reformulation of the model via H′m=0, the
potential um=0(x) requires the absence of a mass term
for the ψ-field. This, and hence the origin of um=0(x),
ought to be explained.
The situation must not be confused with that of an
n-component Φ4 model with Φ-Φ (“spin-spin”) interac-
tions decaying as |x|−(d+κ) with κ < 2 studied in [11]
(Ref. [9] of [1]). Unlike the present model withm = 0, the
model considered in [11] involves an algebraically decay-
ing Φ-Φ (“spin-spin”) interaction rather than one with
the long-ranged potential um=0(x) between the energy-
density operators Φ2(x) and Φ2(x′).
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